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Aim	of	the	talk

•There	exist	a	covariant	framework	for	the	dynamics	of	LQG,	known	as	spin	foam	formalism	

•This	is	particularly	developed	in	the	case	of	4-valent	spin	networks,	which	are	dual	to	3d	simplicial	

triangulations	and	presents	a	simple	interpretation	in	terms	of	discrete	geometries	

•For	these,	the	spin	foam	amplitude	for	one	4-simplex	is	dominated	in	the	semiclassical	limit	by	
exponentials	of	the	Regge	action	

•Quite	a	nice	state	of	affair,	even	though	many	open	questions	remains		
(notably	on	the	semiclassical	limit	of	an	extended	triangulation	and	curved	solutions)	

•Another	question	is	the	limitation	to	4-valent	spin	networks,	which	is	not	very	democratic		
since	the	LQG	Hilbert	space	contains	a	priori	states	of	any	valency

Offer	a	nice	formula	as	a	gift	to	Jurek	for	his	60th	birthday!



How	about	democracy?	
All	spin	networks	should	be	given		

transition	amplitudes,	
not	just	privileged	4-valent	ones

Jurek	and	collaborators	answered	this	question	setting	the	EPRL	model	on	broader	and	firmer	
grounds	and	extending	its	validity:	

Kaminski-Kisielowski-Lewandowski:	Spin-Foams	for	All	Loop	Quantum	Gravity	0909.0939	

Ding-Han-Rovelli:	Generalized	Spinfoams	1011.2149,	(see	also	Baratin-Flori-Thiemann	’08)

Jurek’s	role



Ok	so	we	have	a	generalized	vertex.	But	how	about	its	semi-classical	limit?

The	EPRL	4-simplex	amplitude	is	dominated	by	Regge	configurations	

But	what	is	the	large	spin	limit	of	the	generalized	KKL	vertex?	
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The	EPRL	4-simplex	amplitude	is	dominated	by	Regge	configurations	

But	what	is	the	large	spin	limit	of	the	generalized	KKL	vertex?	

Suppose	the	vertex	graph	is	dual	to	the	boundary	of	a	polytope;		
•Are	we	going	to	get	a	Regge	action	for	a	flat	polytope,	as	opposed	to	a	flat	4-simplex?		
•Or	since	a	polytope	can	be	chopped	into	4-simplices,	maybe	one	gets	a	Regge	action	for	a	curved	
polytope?	

•Or	something	else?	



Ok	so	we	have	a	generalized	vertex.	But	how	about	its	semi-classical	limit?

The	EPRL	4-simplex	amplitude	is	dominated	by	Regge	configurations	

But	what	is	the	large	spin	limit	of	the	generalized	KKL	vertex?	

Suppose	the	vertex	graph	is	dual	to	the	boundary	of	a	polytope;		
•Are	we	going	to	get	a	Regge	action	for	a	flat	polytope,	as	opposed	to	a	flat	4-simplex?		
•Or	since	a	polytope	can	be	chopped	into	4-simplices,	maybe	one	gets	a	Regge	action	for	a	curved	
polytope?	

•Or	something	else?	

Turns	out	to	be	dominated	by	configurations	which	are	more	general	than	Regge’s,	which	we	
called	conformally	matched	twisted	geometries,	and	the	amplitude	is	well	approximated	by	an	
action	which	resembles	the	Regge	action	but	has	different	equations	of	motion	
(first	observed	by	Bahr	and	Steinhaus	in	two	different	examples,	our	Marseille	contribution	is	to	
have	given	a	complete	analysis)	

•Regge	configurations	are	only	a	subset	of	the	dominant	ones



Outline

•Preliminaries	

•4-simplex	asymptotics	revisited	

•Arbitrary	vertex:	SU(2)	case	

•Arbitrary	vertex:	Lorentzian	KKL	case	

•Conclusions	and	perspectives



I. Preliminaries



• number of quanta 
• momenta 
• helicites

• number of quanta and their relations 
• volumes of regions  
• areas of interconnecting surfaces

Fuzzy spinning particles 

dynamics: described by  
Feynman diagrams

Distributional or fuzzy polyhedra interpretation 

dynamics: Hamiltonian approach or  
described by spin foams

Quantum field theory Loop quantum gravity

Spin networks and quantum geometry

QFT LQG

F = �
n

Hn H = �
�
H�

|n, pi, hii ! quanta of fields |�, je, ivi ! quanta of space

Spin networks are eigenstates of geometric operators such as surface areas

• spins 7! quanta of area

• intertwiners 7! quanta of volumes

geometric operators turn out to have discrete spectra
with minimal excitations proportional to the Planck length

Key result

Speziale — LQG and polyhedra Motivations and overview 8/38

diagrams can be organised  
in PT or EFT

diagram organisation not yet established! 
hands-on approach for the moment:  
compute in a given truncation, then change truncation

Quanta of space in loop quantum gravity as abstract graphs;

inductive limit 


for embedded graphs



Semiclassical	limit	at	fixed	graph

In	the	large	spin	limit

Spin	networks Twisted	geometries

LQG phase space: smearing

‚ Di↵eomorphism covariance requires a distributional smearing of the Poisson algebra

A on 1d paths E on 2d surfaces
g “ exp

≥
l
A X “ ≥

l˚ E

‚ Poisson structures:

continuous ùñ on each link :

tAi

apxq, Aj

b
pyqu “ 0 tgAB , g

C

Du “ 0

tAi

apxq, Eb

j pyqu “ �ij�
b

a�
p3qpx, yq tXi, gu “ ´⌧ig

tEa

i pxq, Eb

j pyqu “ 0 tXi, Xju “ ✏ijkXk

Non-commutativity introduced by the discretization (same happens in LGT)

‚ LQG phase space on a fixed graph:

P� “ T˚SUp2qL

‚ Quantization gives the holonomy-flux algebra on

H� “ L2rSUp2qLs
In the same sense as pL2rRs, rq̂, p̂s “ i~q is a quantization of pTR, tq, pu “ 1q

Speziale — Twistors and LQG Motivations and goals 9/30
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dynamics

Spin	foams (exp	of)	Regge	action “

Z
Dg� eiSRegge(g�) ”

<latexit sha1_base64="TAgOKrtusTLgmEfWvst8IUtcxk0="></latexit>



Brief	reminder	of	Regge	calculus

Dittrich-SiS	‘08

M �! �
<latexit sha1_base64="RB3kzzsmIDTqyIPecI2Po/psjaE="></latexit>

gµ⌫ �! {le}
<latexit sha1_base64="kAXgsrceFsn9mCN7JDJacpenYcw="></latexit>

✏3de = 2⇡ �
X

⌧3e

'⌧
e (le)

<latexit sha1_base64="r9bpJRzPoFEsZPIWcprOVFppBGo="></latexit>

✏4dt = 2⇡ �
X

�3t

✓�t (le)
<latexit sha1_base64="Qb9cgb6TbEcv56Ul7yupVOneteA="></latexit>

closure		
conditions

shape-matching		
conditions

4d	Regge	action

•can	be	written	also	as	a	sum	of	simplicial	terms: S�(le) =
X

t

jt(le)✓t(le)
<latexit sha1_base64="b0fsjNssODM092Nht7qC11qdKh0="></latexit>

SR(le) =
X

t

jt(le)✏t(le)
<latexit sha1_base64="IaaW+gFmnnaRLqFzGNcm53Z+OG0="></latexit>

SAA(jt,'
⌧
e ) =

X

t

jt✏t(') +
X

⌧

�⌧C⌧ (j,') +
X

ee0

µee0See0(')
<latexit sha1_base64="VqVI2hfcAY4kKAvI/NFK8YBgsXM="></latexit>

dihedral	angles	between	two	triangles	in	a	given	tetrahedron	τ

dihedral	angles	between	two	tetrahedra	in	a	given	tetrahedron	σ

•can	be	written	also	with	areas	and	(3d	dihedral)	angles	as	fundamental	variables:

whose	simplicial	term	is	 S�(jt,'
⌧
e ) =

X

t

jt✓t(') + constraints
<latexit sha1_base64="s0QyUO6DHagup1lk1/rg6eGLWn4="></latexit>



Simplex	rigidities

2d 3d 4d

Generic	polytopes	do	not	share	this	edge-length	rigidity

Edge	lengths	not	enough! Edge	lengths	ok	
(except	symmetric	cases)

Edge	lengths	too	many!

c	Flat-embeddability	conditions

There	is	an	obvious	reason	why	Regge	chose	to	work	with	simplices:	
•Described	by	the	complete	graph	in	any	dimensions,	trivial	adjacency	matrix	
•Their	geometry	in	Euclidean	space	uniquely	determined	by	the	edge	lengths



Simplex	rigidities

Generic	polytopes	do	not	share	this	edge-length	rigidity

Edge	lengths	not	enough! Edge	lengths	ok	 Edge	lengths	too	many

Minkowski	thm:	#	of	dofs	of	an	d-dim	flat	polytope	with	N	facets:		d	N-d(d+1)/2		

3F � 6 ⌘ E
<latexit sha1_base64="GQ2qqAGRUrhp6O0jFAKP6YhExCw="></latexit>

� = 2
<latexit sha1_base64="1DuGUirGa0TTuAMLT5z+vdDUvf4="></latexit>

� = 0
<latexit sha1_base64="Tr9biAkdlUc8iDyxLOx345Orq60="></latexit>

3-valent	nodes 4-valent	nodes

4F � 10  E ⌘ 2F � 2C
<latexit sha1_base64="iN8OT/2Rx1a+7CA1dumOWXtuXhI="></latexit>

In general, it is in between these two numbers.

name (V,E, F,B) Schlafli Dominance dofs

4-simplex (5, 20, 10, 5) {3}, {3, 3} Y 10
tesseract (16, 32, 24, 8) {4}, {4, 3} Y 22
orthoplex (8, 24, 32, 16) {3}, {3, 3} T 46
octoplex (24, 96, 96, 24) {3}, {3, 4} I ?

duo-prisms : (16, 32, 24, 8) Y 22
(64, 128, 80, 16) Y 54
(9, 18, 15, 6) 9{4}+ 6{3} Y 14

For the column ‘Dominance’, Y means yes, I intermediate, and T maximally subdominant. For the latter,
E + F � 10 was used to count dofs.

5

2E � 3 � E
<latexit sha1_base64="Ior/pTp/ch3PXyByxnGs+j283Yg="></latexit>

2d 3d 4d



II. SU(2) BF theory asymptotics and polytopes



3d	example:	the	SU(2)	6j	asymptotics

4d	case	more	interesting	due	to	non-commutativity	of	the	geometry	

V 2(j) > 0
<latexit sha1_base64="zMtHgwlBRYxwe/ClBHxDOwqs6BU="></latexit>

{6j} ⇠ 1

j3/2
cos

 
X

e

je�e(j) +
⇡

4

!

<latexit sha1_base64="jHmCSjvPE2jfXnypY4d1K+Q4ENA="></latexit>

and	one	can	similarly	study	such	homogeneous	large	spin	limits	for	higher	order	{nj}-symbols

3d	Regge	action	for	a	tetrahedron

•Take	graph	to	be	dual	to	(the	boundary	of)	a	3d	triangulation	c	spins	=lengths	
For	graphs	with	nodes	of	valency	4	or	higher	a	4d	reconstruction	is	also	possible	
•Take	graph	to	be	dual	to	(the	boundary	of)	a	4d	triangulation	c	spins	=areas

2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)

(17)

✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =

Z Y

a

dga
Y

(ab)

h�~nab|g�1

a
gb|~nbai2jab =

X

{ia}

Y

a

dia

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.

8

•all	spin	and	intertwiner	large:	some	3d	interpretation	

•spins	large	at	fixed	intertwiners:	4d	interpretation!

e.g.	the	{9j}	studied	by	Haggard	and	collaborators

(Wigner,	Ponzano-Regge,	Schouten-Gordon…)



SU(2)	4-simplex	vertex	amplitude

2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)

(17)

✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =

Z Y

a

dga
Y

(ab)

h�~nab|g�1

a
gb|~nbai2jab =

X

{ia}

Y

a

dia

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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The	large-spin/fixed-interwiner	limit	is	easier	to	study	if	one	uses	coherent	intertwiners
(Livine-SiS	’07)

In the large spin limit, its norm is exponentially suppressed unless the closure condition C :=
P

i
ji~ni = 0

is satisfied, in which case it scales like j�3/2 for non-co-planar normals and j�1 for co-planar normals.
Thanks to a theorem by Minkowski, each set of data satisfying closure describes a unique convex and bound
polyhedron in R3, with ji the area and ~ni the outgoing normal of the i-th face. Dividing by the action
of global rotations, we can characterise the intrinsic shape of the convex polyhedron in terms of its areas
and angles 'ij = arccos(~ni · ~nj). For a pair ij of adjacent faces 'ij are the (exterior) dihedral angles, and
for non-adjacent faces they give the angle between the two planes to which the faces belong. An explicit
algorithm for the reconstruction of the adjacency matrix of the polyhedron, as well as its volume and edge
lengths, starting from the areas and normals, is presented in [32]. For the special case of a tetrahedron all
faces touch one another, so the adjacency matrix is trivial.

The coherent intertwiners provide an over-complete basis for the singlet space Inv
⇥
⌦i V ji

⇤
,5 and can be

expanded in the standard basis provided by Wigner’s 3jm symbols via recoupling theory. For n = 4, we
define the generalised Wigner 4jm symbol as

✓
j1 j2 j3 j4
m1 m2 m3 m4

◆(j12)

=
X

mi

(�1)j12�mj12

✓
j1 j2 j12
m1 m2 mj12

◆✓
j12 j3 j4

�mj12 m3 m4

◆
, (13)

which satisfies

X

mi

✓
j1 j2 j3 j4
m1 m2 m3 m4

◆(j12)
✓

j1 j2 j3 j4
m1 m2 m3 m4

◆(l12)

=
�j12l12
dj12

, (14)

Z
dg

4O

i=1

D(ji)
mini

(g) =
X

j12

dj12

✓
j1 j2 j3 j4
m1 m2 m3 m4

◆(j12)
✓

j1 j2 j3 j4
n1 n2 n3 n4

◆(j12)

. (15)

Then, the decomposition of a coherent intertwiner say in the recoupling channel j12 with all links outgoing,
is

cj12(~ni) := hji, j12|ji,~nii =
X

mi

✓
j1 j2 j3 j4
m1 m2 m3 m4

◆(j12)

hji,mi|ji,~nii = j1

~n1 j2

~n2

j3

j4

~n3

~n4

j12

, (16)

where in the last equality we have introduced a graphical notation that will be useful in the following. Using
the symmetries of the 4jm symbols, this equality is unchanged if all links are incoming. If a single link
orientation is inverted, this introduces an ✏ tensor in the intertwiner, that can be reabsorbed in the coherent
state using (8):

j1

~n1 j2

~n2

j3

j4

~n3

~n4

j12

=
X

mi

✓
j1 j2 j3 j4

�m1 m2 m3 m4

◆(j12)

(�1)j1�m1hj1,~n1|j1,m1i
Y

i 6=1

hji,mi|ji,~nii

=
X

mi

✓
j1 j2 j3 j4
m1 m2 m3 m4

◆(j12)

hji,mi|ji,~n1]
Y

i 6=1

hji,mi|ji,~nii.

These formulas can be immediately extended to arbitrary n.

5As the existence of exponentially suppressed norms indicates, it is also possible to restrict the family to those configurations
satisfying closure only, and still have a good over-complete basis [34, 35]. This has the advantage of reducing the number of
coherent state labels by 3, from closing vectors to shape parameters only, but for the purposes of studying the saddle point
approximation of graph invariants it is easier to keep the normals as labels.
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2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)

(17)

✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.
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where the product over (ab) means over the oriented links, and |~nabi := | 1
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,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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Critical	point	equations:vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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Closure	conditions:	existence	of	a	tetrahedron	at	each	node

Orientation	conditions:	existence	of	rotations	making		
the	normals	pairwise	anti-parallel

• For	generic	boundary	data	these	conditions	are	not	satisfied	g	exponential	fall-off	

(Barrett	et	al.	’09)

1.

2.

Data	satisfying	both	conditions	define	what	Barrett	called	vector	geometries
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2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
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which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =
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(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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Closure	conditions:	existence	of	a	tetrahedron	at	each	node

• For	generic	boundary	data	these	conditions	are	not	satisfied	g	exponential	fall-off	
• If	both	are	satisfied,	generically	there	is	one	critical	point	g	power-law	fall	off	

(Barrett	et	al.	’09)

1.

2. Orientation	conditions:	existence	of	rotations	making		
the	normals	pairwise	anti-parallel

Data	satisfying	both	conditions	define	what	Barrett	called	vector	geometries
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which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =
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,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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Critical	point	equations:vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.

3

vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.

3

Closure	conditions:	existence	of	a	tetrahedron	at	each	node

• For	generic	boundary	data	these	conditions	are	not	satisfied	g	exponential	fall-off	
• If	both	are	satisfied,	generically	there	is	one	critical	point	g	power-law	fall	off	
• Special	Regge	subset	admits	two	distinct	critical	points	g	same	power	law	with	invariant	oscillations

(Barrett	et	al.	’09)

1.

2. Orientation	conditions:	existence	of	rotations	making		
the	normals	pairwise	anti-parallel

Data	satisfying	both	conditions	define	what	Barrett	called	vector	geometries



SU(2)	4-simplex	asymptotics	reviewed

2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)
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✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =

Z Y
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dga
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(ab)

h�~nab|g�1

a
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,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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Critical	point	equations:vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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Closure	conditions:	existence	of	a	tetrahedron	at	each	node

• For	generic	boundary	data	these	conditions	are	not	satisfied	g	exponential	fall-off	
• If	both	are	satisfied,	generically	there	is	one	critical	point	g	power-law	fall	off	
• Special	Regge	subset	admits	two	distinct	critical	points	g	same	power	law	with	invariant	oscillations

c	Classification		
						of	boundary	data:	

and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.
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Coherent	amplitude	
only	SU(2)-invariant		

up	to	a	phase

(Barrett	et	al.	’09)

1.

2. Orientation	conditions:	existence	of	rotations	making		
the	normals	pairwise	anti-parallel

Data	satisfying	both	conditions	define	what	Barrett	called	vector	geometries



SU(2)	4-simplex	asymptotics	revisited

2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)

(17)

✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =

Z Y

a

dga
Y

(ab)

h�~nab|g�1

a
gb|~nbai2jab =

X

{ia}

Y

a

dia

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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Critical	point	equations:

vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
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evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
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presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
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and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.

5

Standard	procedure	(Barrett	and	collaborators):		

1. define	bivectors	from	the	3d	vectors	and	the	SU(2)	group	elements	at	the	critical	point	
2.	apply	bivector	reconstruction	theorem	to	classify	critical	point	solutions		

(+)	:	rigorous	
(-)		:	applies	only	to	this	4-simplex	vertex	amplitude,	obscures	some	of	the	geometry	(at	least	to	me)



SU(2)	4-simplex	asymptotics	revisited

2.2 Definition of the amplitude

We consider the following 15j symbol,

{15j} :=
X

mab

(�1)jab�mab

✓
j12 j13 j14 j15
m12 m13 m14 m15

◆(i1)
✓

j23 j24 j25 j12
m23 m24 m25 �m12

◆(i2)

(17)

✓
j34 j35 j13 j23
m34 m35 �m13 �m23

◆(i3)
✓

j45 j14 j24 j34
m45 �m14 �m24 �m34

◆(i4)
✓

j15 j25 j35 j45
�m15 �m25 �m35 �m45

◆(i5)

=

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,

which arises as the vertex amplitude of 4d simplicial quantum SU(2) BF theory [36]. The generalised Wigner’s
4jm symbols used above were defined in (13). Like all recoupling symbols it depends on the orientation
of the links. Here we chose the one depicted in the graphical representation above. With this choice of
orientation, we can number the nodes so that the direction of a link ab is always from a < b to b. Reversing
a line carrying spin j results in an overall phase (�1)2j .

The interest in this SU(2) invariant is that its graph is in correspondence with (the dual to) the boundary
of a 4-simplex, where each 4-valent node, dual to a tetrahedron, has been split into two 3-valent ones. Thus,
the recoupling scheme distinguishes a set of 5 spins ia, a = 1, . . . 5, that we will refer to as intertwiner spins.

The actual asymptotic we are interested in involves not a single 15j, but a special linear superposition,
which allows us to endow this fundamentally 3d Euclidean object with a 4d geometric interpretation. To
that end, we project (17) on coherent intertwiners [5], built from group averaging SU(2) coherent states |j,~ni
as described in the previous Section. To define the coherent intertwiners, we need 4 unit vectors per node.
This results in the assignment of two vectors per link, which we denote ~nab and ~nba. It is also convenient to
use the graph orientation to keep track of outgoing and incoming links at each node, and include a parity
transformation when assigning vectors to say the incoming links. Accordingly, we associate a ket |jab,~nabi
to each outgoing link, and a parity-reversed bra hjab,�~nba| to each incoming one. This rule leads to a
simplification of the saddle point analysis, as we will explain below: it makes the parallel transport of two
opposite normals the identity, instead of the parity transformation.

The resulting coherent vertex amplitude can be written as

Av(jab,~nab) =

Z Y

a

dga
Y

(ab)

h�~nab|g�1

a
gb|~nbai2jab =

X

{ia}

Y

a

dia

i1

i2 i5

i4i3

j12 j15

j23 j45

j34

j25
j14j13

j24 j35

,
(18)

where the product over (ab) means over the oriented links, and |~nabi := | 1
2
,~nabi is the coherent state in

the fundamental representation. This is the quantity whose large spin behavior we are interested in. The
second equality above provides its expression as linear combinations of the 15j symbols weighted by coherent
intertwiners and dimensional factors. Notice that using recoupling theory, we could have equally decomposed
(18) on a basis of 15j symbols of any other kind, not just (17), a freedom that will play an important role
in our numerical investigations.
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Av(jab,~nab) ⇠
1

j6
cos

 
X

t

jt✓t(j)

!
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Critical	point	equations:

vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.
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and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.

5

Alternative	procedure	(Donà):	fix	a	convenient	gauge,	reconstruct	the	3d	geometry,	study	the	flat-
embedding	of	the	3d	geometry

1. Use	gauge	freedom	to	fix	the	twisted	spike	gauge																																			c																	trivially	solution	
To	find	other	sols:	

2. Pick	1	as	base	node,	and	explicitly	solve	using	Rodrigues’	formula	c

Existence	of	the	second	solution	requires	the	shape-matching	conditions	
c	connection	to	area-Regge	calculus	and	secondary	simplicity	constraints	clarified

To	be	more	precise	angle-matching	conditions,	but	equivalent	for	triangles	since	areas	match	already

~nab = �~nba
<latexit sha1_base64="ApgDMzHZ5l6lHj+WShqkZ2QiZvg="></latexit>

with the closure holding for each node and the second condition for all pairs of first-neighbour nodes ab.
These data span 3(L�N) dimensions, and their characterisation can be derived generalising the procedure
described in the previous Section. To solve the critical point equations we follow our earlier derivation: we
look first at pairwise anti-parallel boundary normals ~nba = �~nab, and later use gauge invariance at the nodes
to extend the results to an arbitrary configuration (58).

For pairwise anti-parallel normals there exist trivially a critical point at the identity, Ra = 1 8a. This
saddle point exists for any graph, and leads to a power-law asymptotics. The existence of a second saddle
point will put more severe restrictions on the graph. Graphs that are dual to the boundary of a polytope
will turn out to always admit data leading to a second saddle point, and we will restrict our attention to
them. To look for a second saddle point, we begin as before by using the gauge freedom to fix g1 = 1, and
solving the equations (24) for all nodes a and b first-neighbours to 1. This determines the group elements

Ra := e2i✓1a~na1· ~J , cos ✓1a =
cos'(b)

1a
+ cos'(a)

1b
cos'(1)

ab

sin'(a)

1b
sin'(1)

ab

, (59)

now valid for all nodes first-neighbours to 1. The spherical cosine law for ✓1a so derived has to hold for
every node b linked to both 1 and a, else there is no solution. The geometric meaning of these generalised
edge-independence conditions and of the data satisfying them will be discussed in details below, for the time
being we just assume that non-trivial solutions exist. We remark that we can also determine via (26) the
angles ✓ab for a, b first-neighbours to 1, and that none of the ✓ab angles derived so far can be zero, or else
they are all zero.

Next, we pick one of the nodes not linked to 1 whose group element we still have to determine, denote it
c, and look at its critical point equations with all a’s linked to 1:19

R�1

c
Ra~nca = �~nac = ~nca. (60)

To solve these equations we iterate the above procedure. We choose a node x linked to both c and 1 (let’s
say with x > c to fix the orientation of the rotation Rc, if x < c one should replace Rc with R�1

c
in the

formulas below), and reparametrise R̃c = R�1
x

Rc. The critical point equations splits in two sets similar to
(24), that is

R̃�1

c
~ncx = ~ncx, R̃�1

c
R�1

x
Ra~nca = ~nca. (61)

From the equations on the left we immediately find the axis of rotation, R̃c = e2i✓xc~ncx· ~J , with an angle 2✓xc
to determine using the equations on the right. The rotation R�1

x
Ra = e2i✓xa~nxa· ~J is already determined, and

projecting as before we obtain, for ✓xa 6= 0,

cos ✓xc =
cos'(b)

xc + cos'(b)

xc cos'(x)

cb

sin'(c)

xb
sin'(x)

cb

. (62)

In other words, we have extended the result (59) to the new base point x. With the composition of rotations
we can at this point identify also the rotation angle and direction of Rc, as well as all angles ✓ac associated
to the rotations R�1

c
Ra.

The procedure iterates in the same way to the remaining nodes. In the end, we determine all the
rotations at the non-trivial critical point in terms of normals. In the process we also established that all
pairs of rotations on linked nodes have the form

R�1

a
Rb = e2i✓ab~nba· ~J , (63)

with ✓ab given by (62) – with a replacing x. These require generalised edge-independence conditions for all
angles ✓ab, namely

Cab,cd =
cos'(c)

ab
+ cos'(b)

ac cos'(a)

bc

sin'(b)

ac sin'(a)

bc

�
cos'(d)

ab
+ cos'(b)

ad
cos'(a)

bd

sin'(b)

ad
sin'(a)

bd

= 0, (64)

19We assume that there are at least 2 of them. This is the case for graphs dual to the boundary of a polytope. If it is not true,
say for instance a graph that can be reduced to two disconnected graphs by cutting a single link, then interesting degeneracies
can appear in the saddle point analysis, leading to slower power law decays like for the 3d degenerate configurations, and like
those, with less interesting geometric interpretation.
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cos ✓xc =
cos'(b)

xc + cos'(b)

xc cos'(x)

cb

sin'(c)

xb
sin'(x)

cb

. (62)

In other words, we have extended the result (59) to the new base point x. With the composition of rotations
we can at this point identify also the rotation angle and direction of Rc, as well as all angles ✓ac associated
to the rotations R�1

c
Ra.

The procedure iterates in the same way to the remaining nodes. In the end, we determine all the
rotations at the non-trivial critical point in terms of normals. In the process we also established that all
pairs of rotations on linked nodes have the form

R�1

a
Rb = e2i✓ab~nba· ~J , (63)

with ✓ab given by (62) – with a replacing x. These require generalised edge-independence conditions for all
angles ✓ab, namely

Cab,cd =
cos'(c)

ab
+ cos'(b)

ac cos'(a)

bc

sin'(b)

ac sin'(a)

bc

�
cos'(d)

ab
+ cos'(b)

ad
cos'(a)

bd

sin'(b)

ad
sin'(a)

bd

= 0, (64)

19We assume that there are at least 2 of them. This is the case for graphs dual to the boundary of a polytope. If it is not true,
say for instance a graph that can be reduced to two disconnected graphs by cutting a single link, then interesting degeneracies
can appear in the saddle point analysis, leading to slower power law decays like for the 3d degenerate configurations, and like
those, with less interesting geometric interpretation.
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~nab · ~nac = cos'(a)
bc

<latexit sha1_base64="R3QRZY5MoWGQ0P7uN5gxOwrlYNk="></latexit>

Ra = I
<latexit sha1_base64="OZWlIk+YOYTpVKJ1LTkXKLalnbI="></latexit>



Figure 8: Left panel: the ‘spike’, an Euclidean 4-simplex shown in R3 by means of rotating four tetrahedra in the

same 3d space of a reference tetrahedron, here the central one (the four outmost vertices would be identified in R4).

The associated normals are shown in the bottom left picture, equal colour for those belonging to the same tetrahedron.

Right panel: the ‘twisted spike’, a rotation in the plane of each shared triangle by an equal amount to the dihedral

angle makes the triangle normals all opposite to one another.

we can define a set of 20 simple bivectors as follows,

Bab = jab ?
Na ^Nb

kNa ^Nbk
, B2

ab
= j2

ab
,

or in components BIJ

ab
= (jab/2 sin ✓ab)✏IJKL

NK
a
NL

b
. Since we derived them from a geometric 4-simplex,

they also satisfy cross-simplicity ✏IJKLBIJ

ab
BKL

ac
and non-degeneracy, as well as the orientation and closure

conditions
Bab = �Bba,

X

b 6=a

Bab = 0 8a. (51)

These conditions guarantee that the self-dual and anti-self-dual components of the bivectors coincide up to
an SO(3) rotation. We can thus write

Bab = jab(~nab, Ra~nab), (52)

for some unit vectors ~nab and SO(3) rotations Ra. Then (51) immediately imply the closure and orientation
equations (22) for either self-dual or anti-self-dual parts, so the geometric 4-simplex defines a saddle point.

Using bivectors, we can also get the mapping between the twist angle and the 4d dihedral angle as defined
by the scalar product of 4-normals, without passing for the spherical cosine law. To that end, let us choose
a 4d normal, N1, to define a unique self-dual projector for all bivectors: N1IP IJ

KL
:= N1I(�IJKL

+ 1

2
✏IJKL)/2.

Then, taking the 3d normal as the self-dual parts of the bivectors,

jabn
J

ab
:= N1IP

IJ

KL
BKL

ab
= jab

1

4 sin ✓ab
N1I

✓
�IJ
KL

+
1

2
✏IJKL

◆
NK

a
NL

b

?N1�! jab~nab. (53)

Using ✏ijk = N I
1
✏Iijk we can lift (49) to a covariant formula, and after some lengthy but straightforward

algebra, we get
(~n1b ⇥ ~n1a) · (~na1 ⇥ ~nab)

k~n1b ⇥ ~n1ak k~na1 ⇥ ~nabk
(53)

⌘ N1 ·Na. (54)

This proves that (51) implies that (i) the twist angle is the same for every edge of the chosen triangle,
and (ii), it coincides with the 4d dihedral angle. The exactly same formula can be derived choosing the
anti-self-dual projection, and using the expression (50),

cos ⇠(b)
1a

= N1 ·Na. (55)
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The	spike	and	the	twisted	spike

Normals	pairwise	opposite	describe	a	unique	Euclidean	4-simplex	 ~nab = �~nba
<latexit sha1_base64="ApgDMzHZ5l6lHj+WShqkZ2QiZvg="></latexit>

Start	from	a	Euclidean	4-simplex	

Four	pairs	of	normals	are	opposite,		
but	not	the	rest

Spike	configuration:	
a	3d	rendering	of	the	4-simplex

Twisted	spike	configuration:	
a	3d	rendering	of	the	4-simplex		
with	extrinsic	geometry	encoded	in	the	twist

Pick	a	reference	tetrahedron,	SO(4)-rotate	the	other	4	tetrahedra	to	lie	in	this	hyperplane

Twist	the	4	tetrahedra		
by	exactly	(twice)	the	4d	dihedral	angles



For	more	general	graphs	we	can	iterate	the	procedure:	

(Remark:	specifics	of	the	graph	become	important!		
For	our	purposes,	we	focus	on	graphs	dual	to	boundary	of	polytopes)	

•existence	of	a	second	critical	point	requires	angle-matching	conditions	
				if	faces	are	not	triangles	we	have	only	a	conformal	matching		
•the	critical	data	do	not	determine	a	3d	Regge	geometry	in	general	

This proves that the second saddle point can only exist for data that identify polyhedra adjacent by
faces whose areas and angles match: an angle-matched twisted geometry. This means that the edges can
be combinatorially identified. On the other hand, their lengths is not uniquely assigned: each polyhedron
determines a priori a di↵erent edge length. This is the main di↵erence with the 4-simplex: in that case, the
angle-matchings immediately imply unique edge-lengths, hence shape-matchings and the existence of a 3d
Regge geometry. In the general case, adjacent polygonal faces with the 2d angles matching can still carry
a conformal mismatch, whereby the area and 2d angles match, but not the diagonals, hence not the edge
lengths. See Fig. 12 for an example.

The existence of saddle points for geometries with conformal mismatches at the faces was first observed
in [29], where the authors considered a hypercube graph and reduced 3d data corresponding to regular
parallelepipeds (6 free spins and no free angles out of the possible 72 boundary variables). Our results
confirm and generalise these findings. More recently in [46] the same authors considered truncated pyramids
(3 free spins, no free angles out of 72). It was there observed that that the 2 saddle points in this setup
collapse to one or zero depending on whether the reconstructed 4d dihedral angle from the 3d data vanishes
or becomes imaginary, consistently with our analysis above.

Figure 12: Example of faces with matched areas and angles, di↵ering by the diagonals. The freedom of such conformal

or similitude transformations is valf � 4. The picture also shows the shadows of the two polyhedra sharing the face,

and an example of 2d angle and the 3 edges whose 3d dihedral angles are used to determine it in each polyhedron.

Angle-matched configurations thus constrain the 3d dihedral angles.

It is not straightforward to compute the dimensionality of the space of conformal, angle-matched twisted
geometries: neither the variables (angles) nor the constraints (angle-matchings) are linearly independent,
which makes an explicit counting di�cult. We leave this question to future research. On the other hand,
it is easy to count the dimensionality of the subset that describes 3d Regge geometries. For shape-matched
configurations, the boundary data describe a unique cellular decomposition �3 of the 3-sphere: its intrinsic
geometry is described by E data corresponding to the edge lengths. The number of edges E can then
be counted as follows. In the most general case, each vertex of the tessellation will be 4-valent. Higher
valence vertices require special alignments of normals and are thus measure-zero, or subdominant in the
classification of [32]. For a closed graph with 4-valent vertices we have 2V = E. Then, from Euler’s formula
�C + F � E + V = 0 we get E = 2(F � C) = 2(L �N). This is the largest dimension 3d Regge data can
span, and subdominant classes can always be derived when one or more edge lengths vanish.

The next question is what 4d geometry can be defined with the 3d Regge data. Since by construction
our normals are outgoing and our dihedral angles always between 0 and ⇡, it is natural to look for a 4d
convex embedding. However, it cannot be flat in general: a convex flat 4d polytope has 4C � 10 degrees
of freedom, which is less than E for a dominant class. There are thus more degrees of freedom in the 3d
Regge data than in a flat 4d polytope with the same number of cells. The only exception is the case of the
4-simplex, where the number of degrees of freedom match, and the 3d Regge data identify a unique flat 4d
object. This is not surprising: even in the smooth case, a 3d hypersurface cannot always be flatly embedded
in Euclidean space, and the same is true for a Regge triangulation. Combinatorially, we count E� (4C�10)
flat-embedding conditions. For configurations that do not satisfy them, the data is not the boundary of flat
polytope but rather of a curved 4d tessellation, made necessarily of more than one 4d building block.

A way to count the geometric degrees of freedom of a flat, convex polytope is to use the Minkowski
theorem: a collection of n vectors in Rk satisfying the closure condition determines a unique flat and convex
k-polytope up to isometries. Each vectors is normal to a k� 1 facet of the polytope, and its norm gives the
k � 1 volume of the facet, and the degrees of freedom are (n� 1)k � k(k � 1)/2. For C vectors V I

a
= VaN I

a

28

SU(2)	general	vertex	asymptotics

The	lessons	from	revisiting	the	4-simplex	asymptotics:	
•existence	of	a	second	critical	point	requires	angle-matching	conditions	
				if	faces	are	all	triangles	this	is	equivalent	to	shape-matching	g	a	Regge	geometry	
•the	critical	data	really	determine	a	3d	Regge	triangulation	
				but	all	Regge	triangulations	of	5	tetrahedra	glued	together	are	1-to-1	with	flat	4-simplices	
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More	than	two	critical	points

Further	caveat:	critical	points	can	be	more	than	2	(but	always	even	number)	(Bahr	’18)	
c	asymptotics	in	this	case	given	by	sum	of	cosines	

Whether	this	occurs	depends	on	the	connectivity	of	the	graph.	
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g	two	cosines

the	multiplicity	of	critical	points	comes	from	sign	options	in	solving	the	spherical	cosine	laws		
for	the	angles;	this	sign	freedom	is	fixed	up	to	a	global	sign	in	the	4-simplex	and	in	many	other	
graphs	like	for	example:	

	g	one	cosine	

The	fixing	uses	consistency	conditions	at	the	triangular	cycles	of	the	graph	
It	doesn’t	work	for	instance	for	this	graph:

The	technical	reason	being	that	
there	are	no	triangular	cycles		
including	the	`bridging’	links	



Classification	of	boundary	data

and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.
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polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted � 2
(angle-matching)

<latexit sha1_base64="buRoA2Mj3ZYmQKVj9ohSaL4IbbA="></latexit>

For	all	conformal	twisted	data,	the	asymptotics	takes	a	cosine	form	with	a	Regge-looking	action:

action	is	defined	with	closure	and	angle-matching	conditions,	and	it	is	not	equivalent	to	the	action		
for	Regge	calculus:	there	are	no	well-defined	edge	lengths	in	general	

✓ab(')
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4d	dihedral	angles	in	terms		
of	3d	dihedral	angles	via		
spherical	cosine	laws
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Remark:	shape	matchings	not	needed	to	define	



Regge	sub-cases polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted � 2
(angle-matching)
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Among	the	configurations	with	(at	least)	two	critical	points	there	are	two	interesting	sub-cases:	

•shape-matched	data:	not	only	the	angles	match,	but	the	edge-lengths	
				c	these	configurations	describe	3d	Regge	geometries	

A	3d	triangulation	can	not	always	be	flat-embedded		
The	shape-matched	data	do	not	always	describe	the	boundary	of	flat	polytopes;		
they	describe	in	general	the	boundary	of	curved	polytopes		

•flat	polytope	data:	data	that	can	be	flatly	embedded	

Non-trivial	mathematical	problem	how	to	characterize	explicitly	these	conditions	
see	proposal	in	1708.01727	
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Classification	of	boundary	data

and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.
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polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted � 2
(angle-matching)

2L� 2N Regge � 2
(shape-matching)

4N � 10 polytope � 2
(flat embedding)
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III. Lorentzian KKL asymptotics
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Differences	and	similarities	with	the	SU(2)	BF	case:	
•Non-compact	group	SL(2,C)		
•Infinite-dim.	irreps	c	additional	complex	integrals	
•Same	graph	combinatorics	
•Same	boundary	data	c	same	boundary	geometries

Lorentzian 4-simplex is reconstructed from many Euclidean 4-simplices compatible with the SU(2) {15j}
symbol, and whose tetrahedra are suitably transformed thanks to the half-edge booster functions. This
discussion also clarifies the critical behaviour observed for the simplified model.

To obtain the numerical results presented, it proved necessary to develop an e�cient algorithm to con-
struct the boundary data. This is a spin-o↵ of our work, and we devote a Section of the paper to explain
how this problem can be solved and provide in the same online repository [7] the relevant pieces of code. For
the vector geometries, we used the explicit parametrization worked out in [10]. For the Regge geometries,
we used a ‘deconstruction’ algorithm, whereby we start from a geometric 4-simplex identified by its vertices,
and derive the 3d data associated with it by the EPRL model’s Y map. This procedure exposes some useful
properties of the 3d data and was helpful for us to better understand the details of the saddle point analysis
of [5]. We provide some more explicit formulas for the Hessian at the saddle point, needed for the numerical
comparison of the analytic formula with the data points.

Barring the increased computational power to confirm precisely the analytic formula for Lorentzian 4-
simplices, our work confirms the validity of this crucial result for the semiclassical limit of the EPRL model,
but more importantly supports the robustness of the method [8] and code sl2cfoam [6], which can now be
used to perform more ambitious calculations. To that end, we point out the heavy cost of using coherent
intertwiners. These are needed for the asymptotic formula, but many physical applications of the EPRL
spin foam model can be done in the much cheaper orthonormal basis of intertwiners. Some of us presented
calculations with two non-simplicial vertices in [11]. The present code is much more performing than the
one there used, and we hope to apply it in future work to calculations with a few simplicial vertices and
orthonormal intertwiners.

With the intent to make the paper concise and its technical results easier to appreciate, we refer to
existing literature for the necessary background. In particular, to [1, 12, 2] for the analytic background on
the EPRL model, to [5] for its saddle point approximation (see also [13, 14, 15, 16, 17] for related work),
to [8] for the method used for the exact evaluation, and to [6] for the numerical code, describing its details,
functioning scheme and generic performance tests. Section 2 contains the minimal information about the
vertex amplitude for the paper to be self-contained and gives an overview of the approach used for the
calculation. Section 3 describes our algorithm to identify boundary data with the required properties, and
the explicit configurations used in the numerical calculations. Section 4 discusses the central point of the
convergences of the internal sums and presents a useful approximation that we use to shorten significantly
the numerical time of some numerical evaluations. Section 5 contains our main results, a selection of data
and their comparison with the analytic asymptotic behaviour. Section 6 contains the discussion on the role
of the booster functions in mapping Lorentzian 4-simplices from the Euclidean ones associated with the
SU(2) {15j} symbol, as well as a summary of the numerical situation and future developments. After our
conclusions, we supplement the paper with two Appendices. In one we provide explicit formulas to fix our
conventions. In the second we summarize the asymptotic analysis of the EPRL vertex [5] and report the
form of the Hessian at the critical point.

2 EPRL vertex amplitude and its asymptotic limit

The (coherent) vertex amplitude for the Lorentzian EPRL spin foam model [1, 2] is an SL(2,C) invariant
associated to the boundary graph of a 4-simplex,

Av(jab,~nab) :=

Z 5Y

a=2

dha

Y

a<b

D(�jab,jab)
jab,�~nab,jab,~nba

(h�1
a hb), (1)

where ha 2 SL(2,C), and D(⇢,k)(h) are infinite-dimensional unitary representations of the principal series,
labelled by ⇢ 2 R and k 2 Z/2. The irreps are restricted to satisfy ⇢ab = �kab, where � is the Immirzi
parameter, and expressed using Naimark’s canonical basis with minimal spin eigenvalues jab = kab, and
unit vectors ~nab used to build coherent intertwiners [18, 12]. Conventions and explicit formulas are reported
in Appendix A. The minus sign in the vectors appearing as rows is for later convenience. The indices
a, b = 1, . . . 5 stand for the nodes of the graph, and notice that one redundant integration has been removed,
which is necessary to ensure finiteness [19, 20] (see also the discussion in [11]).

3

EPRL	4-simplex	vertex	amplitude

Very	similar	asymptotic	behaviour	(Barrett	et	al.	’09)

c	The	simplicity	constraints	imposed	in	the	EPRL	model	play	no	role	in	selecting	the	boundary	data	
but	they	do	in	extracting	the	Regge	action,	at	least	at	the	level	of	a	single	4-simplex

and corresponds to polyhedral Regge configurations, namely piecewise-flat geometries described by the edge
lengths. In the case of the 4-simplex, the 3d Regge data identify a unique flat 4-simplex. This is not true
in general, since a 3d Regge geometry on a tessellation of the 3-sphere cannot always be flatly embedded.
Generic 3d Regge data correspond to a curved 4d tessellation, and do not identify a flat polytope. Notice
that the asymptotic action (3) cannot capture the bulk curvature, simply because there are no internal faces
to define the deficit angles. Hence, even if the asymptotic action is now a function of edge lengths, it still
fails to be a 4d Regge action in the sense that it does not describe the extrinsic curvature of a flat polytope.
To achieve that, one has to further restrict the data to describe a 3d Regge tessellation that can be flatly
embedded. To solve this problem, we provide an explicit criterion for flat-embedding based on an application
of 4d Minkowski theorem, and the fact that the angle-matched twisted geometries can be used to define an
auxiliary flat convex polytope: this identification is infinite-to-one, and the polytope is auxiliary in the sense
that its areas do not coincide with the values of the spins. Requiring the areas to match the spins and
imposing 4d closure select data that can be flatly embedded.

These results, concluded with a discussion of the 4d polytope Regge action, are reported in Section 5.
They are relevant also for spin foam models, where more general graph amplitudes based on higher-valence
vertices are necessary if one wants to consider arbitrary spin network states [30, 31]. For reference’s ease,
we summarise in the following table the di↵erent geometric structures relevant to the saddle point analysis
of SU(2) graph invariants, comparing the case of the 4-simplex and a graph dual to the boundary of a more
general polytope. Here dim. is the dimensionality of the space of data, N and L the number of nodes and
links of the general polytope graph, and E is the number of edges of the boundary tessellation, which for a
dominant-class polytope (in the classification of [32], namely all boundary vertices 4-valent) coincides with
2(L�N).

4-simplex graph

dim. geometry type saddles

20 twisted 0

15 vector 1
(anti-parallel)

10 Regge 2
(angle-matching)

polytope graph

dim. geometry type saddles

5L� 6N twisted 0

3L� 3N vector 1
(anti-parallel)

conformal twisted 2
(angle-matching)

2L� 2N Regge 2
(shape-matching)

4N � 10 polytope 2
(flat embedding)

Table 1: Classification of geometric structures relevant to the saddle point analysis of SU(2) graph invariants.

In Section 6 we discuss some implications and applications of our results to spin foam models of quantum
gravity. The final Section 7 briefly wraps our the results and some perspectives.

Throughout the paper, we follow the conventions of [1] for the recoupling theory of SU(2), and the
notation of [23] for the dihedral angles, generically distinguishing 4d, 3d and 2d dihedral angles respectively
as ✓’s, '’s and ↵’s. The numerical calculations were mostly performed using Wolfram’s Mathematica.
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Main	novelty:	for	Lor.	data	
frequency	depends	on	γ
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dependence on the boundary data:

1. For generic open or closed twisted geometries: exponential decay in �;

2. For vector geometries: power-law decay ��12;

3. For Regge geometries: power-law decay ��12 with non-ambiguous real oscillations, and frequency given
by the Regge action. The Regge action is independent of � for Euclidean data and depends linearly
on it for Lorentzian data.

Our goal in this paper is to test numerically these saddle point approximations, in particular the power-law
decays and the frequency of the oscillations. Such a numerical evaluation is not an easy task: The formula for
the amplitude contains 12 unbounded integrations, and a complex and rapidly oscillating integrand built out
of sums of products of hypergeometric functions. A direct approach using for instance adaptive MonteCarlo
methods5 appears daunting, and we are not aware of any results even for the much simpler Lorentzian Barrett-
Crane integrals. Facing these di�culties, the idea of [8] was to reduce as much as possible the unbounded
integrations, taking advantage of the known factorization of SL(2,C) Clebsch-Gordan coe�cients into SU(2)
ones. Applied to (1), the method [8] splits the expression into a convolution between an SU(2) {15j} symbol
and one-dimensional boost integrals, called booster functions and denoted B�

4 :

Av (jab, ~nab) =
X

lab�jab

X

ka,ia

{15j}
5Y

a=2

dkaB
�
4 (jab, lab; ia, ka)

5Y

a=1

cia(~nab) (6)

=
X

lab,ka,ia

j25

j24
k2 k5

k4k3

#1

#2 #5

#3

l45l23 l35

#4

j12

j13 j14

j15

l34

l24

l25

j23

j12

j34
j24

j14

j45

j25

j35
j45

j15

j34
j35

j13

j23

. (7)

Here dj := 2j + 1. The {15j} symbol is labeled by internal spins lab and intertwiners ka, except at the
node 1 without group integration, where it is labeled directly by the boundary spins and intertwiners. The
unbounded sums over lab go from jab to infinity, whereas the sums over the intertwiner labels ka, ia are
bounded by the usual SU(2) triangle inequalities. We define the simplified EPRL model consistently with
[8, 6, 11] as the truncation of the EPRL amplitude (7) where only the first term in the summation lab = jab
is considered.

The boosters functions depend both on the internal and the boundary data, and to obtain the coherent
amplitude (1), they are contracted with the coe�cients ci of the coherent intertwiners determined by the
normals ~nab. The graphical notation used in the second line helps to keep track of which links carry internal
spins, as well as of the orientation of the normals. The booster functions encode the details of the Y -map
defining the EPRL model, and are defined as follows,

B�
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X
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k
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, (8)

5
As was done for the graviton propagator with the Euclidean Barrett-Crane model [31].
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Critical	point	equations:

vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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dependence on the boundary data:

1. For generic open or closed twisted geometries: exponential decay in �;

2. For vector geometries: power-law decay ��12;

3. For Regge geometries: power-law decay ��12 with non-ambiguous real oscillations, and frequency given
by the Regge action. The Regge action is independent of � for Euclidean data and depends linearly
on it for Lorentzian data.

Our goal in this paper is to test numerically these saddle point approximations, in particular the power-law
decays and the frequency of the oscillations. Such a numerical evaluation is not an easy task: The formula for
the amplitude contains 12 unbounded integrations, and a complex and rapidly oscillating integrand built out
of sums of products of hypergeometric functions. A direct approach using for instance adaptive MonteCarlo
methods5 appears daunting, and we are not aware of any results even for the much simpler Lorentzian Barrett-
Crane integrals. Facing these di�culties, the idea of [8] was to reduce as much as possible the unbounded
integrations, taking advantage of the known factorization of SL(2,C) Clebsch-Gordan coe�cients into SU(2)
ones. Applied to (1), the method [8] splits the expression into a convolution between an SU(2) {15j} symbol
and one-dimensional boost integrals, called booster functions and denoted B�

4 :

Av (jab, ~nab) =
X
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Here dj := 2j + 1. The {15j} symbol is labeled by internal spins lab and intertwiners ka, except at the
node 1 without group integration, where it is labeled directly by the boundary spins and intertwiners. The
unbounded sums over lab go from jab to infinity, whereas the sums over the intertwiner labels ka, ia are
bounded by the usual SU(2) triangle inequalities. We define the simplified EPRL model consistently with
[8, 6, 11] as the truncation of the EPRL amplitude (7) where only the first term in the summation lab = jab
is considered.

The boosters functions depend both on the internal and the boundary data, and to obtain the coherent
amplitude (1), they are contracted with the coe�cients ci of the coherent intertwiners determined by the
normals ~nab. The graphical notation used in the second line helps to keep track of which links carry internal
spins, as well as of the orientation of the normals. The booster functions encode the details of the Y -map
defining the EPRL model, and are defined as follows,
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As was done for the graviton propagator with the Euclidean Barrett-Crane model [31].
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vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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dependence on the boundary data:

1. For generic open or closed twisted geometries: exponential decay in �;

2. For vector geometries: power-law decay ��12;

3. For Regge geometries: power-law decay ��12 with non-ambiguous real oscillations, and frequency given
by the Regge action. The Regge action is independent of � for Euclidean data and depends linearly
on it for Lorentzian data.

Our goal in this paper is to test numerically these saddle point approximations, in particular the power-law
decays and the frequency of the oscillations. Such a numerical evaluation is not an easy task: The formula for
the amplitude contains 12 unbounded integrations, and a complex and rapidly oscillating integrand built out
of sums of products of hypergeometric functions. A direct approach using for instance adaptive MonteCarlo
methods5 appears daunting, and we are not aware of any results even for the much simpler Lorentzian Barrett-
Crane integrals. Facing these di�culties, the idea of [8] was to reduce as much as possible the unbounded
integrations, taking advantage of the known factorization of SL(2,C) Clebsch-Gordan coe�cients into SU(2)
ones. Applied to (1), the method [8] splits the expression into a convolution between an SU(2) {15j} symbol
and one-dimensional boost integrals, called booster functions and denoted B�
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Here dj := 2j + 1. The {15j} symbol is labeled by internal spins lab and intertwiners ka, except at the
node 1 without group integration, where it is labeled directly by the boundary spins and intertwiners. The
unbounded sums over lab go from jab to infinity, whereas the sums over the intertwiner labels ka, ia are
bounded by the usual SU(2) triangle inequalities. We define the simplified EPRL model consistently with
[8, 6, 11] as the truncation of the EPRL amplitude (7) where only the first term in the summation lab = jab
is considered.

The boosters functions depend both on the internal and the boundary data, and to obtain the coherent
amplitude (1), they are contracted with the coe�cients ci of the coherent intertwiners determined by the
normals ~nab. The graphical notation used in the second line helps to keep track of which links carry internal
spins, as well as of the orientation of the normals. The booster functions encode the details of the Y -map
defining the EPRL model, and are defined as follows,
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As was done for the graviton propagator with the Euclidean Barrett-Crane model [31].

6

AEPRL
v (jab,~nab) ⇠

1

j12
cos

⇣
�
X

t

jt✓
L
t (j)

⌘

<latexit sha1_base64="mZZMwsxmwpSuR9CCsQeEWHqWma0="></latexit>

(Barrett	et	al.	’09)

EPRL	4-simplex	asymptotics	reviewed
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Figure 1: Classification of the boundary data. It is interesting to compare the situation with SU(2) BF theory
[16, 10] and with the Euclidean EPRL model [29, 2, 12]. All three models have the same boundary states and thus
some boundary data (jab,~nab) in the coherent amplitudes. What changes are the group elements being integrated over
(which belong to SL(2,C), SU(2) and SO(4) respectively) and therefore the existence of critical points for a given set.
For instance, Lorentzian Regge data only admit critical points for the SL(2,C) model.

How these conditions allow the embedding of the boundary data in a flat Euclidean or Lorentzian 4-
simplex will be explained in details below. It is in the meantime useful to remark that the areas alone
su�ce to characterize a 4-simplex and distinguish whether it is Euclidean or Lorentzian. Data with areas
compatible with a Euclidean 4-simplex can be either a vector geometry or a Euclidean Regge geometry
depending on the compatibility or not of the normals with the Euclidean 4-simplex. This requirement can
be expressed in terms of the shape matching conditions reducing a twisted geometry to a Regge geometry
[26, 10].

The coherent amplitude (1) is a complex number, and it is important to make a remark about its
phase before continuing. The original formulation of the model [1] uses the standard basis of orthonormal
intertwiners, which are labeled by a spin number ia per vertex, instead of the coherent intertwiners, labeled
by unit vectors ~nab. The resulting vertex amplitude Av(jab, ia) is a real number, provided a certain phase
convention for the Lorentz irreps matrices is chosen [8]. The interest in using the complex coherent amplitude
(1) comes from the finer characterization of the boundary data and clearer geometric interpretation that it
permits. However, while the original amplitude is SU(2)-invariant, (1) is only SU(2) covariant: a rotation
of the four normals on a node preserves the amplitude only up to a phase.3 This phase is irrelevant for
geometric considerations because the coherent states themselves are only defined up to a phase, thus for any
chosen boundary configuration, one can suitably tune the coherent state phase to have a real amplitude.
Accordingly, we can neglect this phase and factor out the rotational gauge freedom at each node in our
geometric considerations. Up to rotations, the boundary data span a 35-dimensional space. The closed
twisted geometries are a 20-dimensional subset, 10 areas and 2 ⇥ 5 = 10 shape parameters, the vector
geometries a 15-dimensional subset, 10 areas and 5 angles [10], and the Regge geometries a 10-dimensional
subset, 10 lengths or 10 areas (up to some discrete ambiguity in the Euclidean case).

Thanks to properties of the coherent states, integrands like (1) can be written in exponential form with
a linear dependence on the spins [18]. In particular, under a homogeneous rescaling jab 7! �jab we can
write the integrand as exp�S(ga; jab,~nab). This gives the possibility of evaluating the amplitude with a
saddle point approximation in the homogeneous large spin limit, � 7! 1. This approximation was studied
in [5],4 and it was found that the leading order asymptotics of the coherent amplitude (1) has the following

3
As for full Lorentz invariance, this is broken by the Y -map identifying k = j. Nonetheless, it can be shown that the vertex

amplitude transforms covariantly under Lorentz transformations of the boundary data, and when various vertex amplitudes are

glued together to form an extended spin foam, Lorentz invariance is restored in the bulk [30].
4
The definition of the coherent vertex amplitude used here di↵ers from the one in [5] by an overall phase, given for � > 0 by

exp{i
X

a<b

(2jab(⇡ + �ab) + arctan �)}.

This is due to a phase di↵erence between the Wigner matrices and the anti-linear pairing of two unitary representations, as

well as to our use of the antipodal map instead of the complex structure in associating coherent states to the target nodes. See

Appendix A for details.
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vectors (here a = 1, ..5 labels the nodes, and the notation will be explained in detail below). When these
vectors satisfy the closure conditions

Ca =
X

b 6=a

jab~nab = 0 (1)

at each node, the data describe a classical geometry: a collection of five tetrahedra, whose areas are given by
the spins, and whose dihedral angles and orientations are given by the unit vectors defining the normals to
the faces. By construction, every two tetrahedra share a face with area given by the spin linking the nodes,
but whose shape di↵ers in general when determined from one tetrahedron or the adjacent one. The data
describe thus a class of geometries more general than Regge geometries, which were studied and dubbed
twisted geometries in [22]. Using saddle point techniques, it was shown in [4] that lim� 7!1 Av(�jab,~nab) has
three di↵erent behaviours, depending on the data (jab,~nab). For most general data, there are no saddles and
the amplitude decays exponentially in �. If the data satisfy (1) and there exist five rotations Ra 2 SO(3)
such that

Ra~nab = �Rb~nba, (2)

then the integrand admits a saddle point, and the large spin behaviour has a slower power-law decay ��6.
The set of data is called a vector geometry [18]. Finally, if the data describe a Regge geometry, namely
all shapes of the faces match and thus define a unique Euclidean 4-simplex, then the integrand admits two
distinct saddle point. The power-law decay is still ��6, and the interference between the two points gives an
oscillating behaviour with frequency determined by the Regge (boundary) action for the 4-simplex, which is
the most important feature of the whole analysis.

We will rederive these results in details in Section 2, using a slightly di↵erent procedure than [4]. Our
procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.

Because of the explicit dependence on SU(2) coherent states, testing numerically the asymptotics is much
harder than for the 6j or 9j symbols, which possibly explains why it hasn’t been done so far. The main
technical step we perform is the use of recoupling theory to choose a basis of reducible 15j symbols, whose
evaluation is much faster. Evaluating the whole amplitude is still very demanding, but becomes doable on a
personal laptop at least for spins of a few tens. A detailed discussion of methods and computing times will be
presented in Section 3, which contains our numerical results. These show excellent quantitative agreement:
the asymptotic formula is remarkably accurate already at low spins, see for example Fig. 1 for the equilateral
configuration. An accuracy at the per cent level is reached already at spins of order 10, a situation similar
to the Ponzano-Regge asymptotics of the 6j.2

Figure 1: Numerical data versus the analytic leading order, equilateral configuration. See Section 3.1 for details.

2The situation will be di↵erent for the Lorentzian EPRL amplitude, see [21], where much higher spins will be needed.
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Figure 1: Classification of the boundary data. It is interesting to compare the situation with SU(2) BF theory
[16, 10] and with the Euclidean EPRL model [29, 2, 12]. All three models have the same boundary states and thus
some boundary data (jab,~nab) in the coherent amplitudes. What changes are the group elements being integrated over
(which belong to SL(2,C), SU(2) and SO(4) respectively) and therefore the existence of critical points for a given set.
For instance, Lorentzian Regge data only admit critical points for the SL(2,C) model.

How these conditions allow the embedding of the boundary data in a flat Euclidean or Lorentzian 4-
simplex will be explained in details below. It is in the meantime useful to remark that the areas alone
su�ce to characterize a 4-simplex and distinguish whether it is Euclidean or Lorentzian. Data with areas
compatible with a Euclidean 4-simplex can be either a vector geometry or a Euclidean Regge geometry
depending on the compatibility or not of the normals with the Euclidean 4-simplex. This requirement can
be expressed in terms of the shape matching conditions reducing a twisted geometry to a Regge geometry
[26, 10].

The coherent amplitude (1) is a complex number, and it is important to make a remark about its
phase before continuing. The original formulation of the model [1] uses the standard basis of orthonormal
intertwiners, which are labeled by a spin number ia per vertex, instead of the coherent intertwiners, labeled
by unit vectors ~nab. The resulting vertex amplitude Av(jab, ia) is a real number, provided a certain phase
convention for the Lorentz irreps matrices is chosen [8]. The interest in using the complex coherent amplitude
(1) comes from the finer characterization of the boundary data and clearer geometric interpretation that it
permits. However, while the original amplitude is SU(2)-invariant, (1) is only SU(2) covariant: a rotation
of the four normals on a node preserves the amplitude only up to a phase.3 This phase is irrelevant for
geometric considerations because the coherent states themselves are only defined up to a phase, thus for any
chosen boundary configuration, one can suitably tune the coherent state phase to have a real amplitude.
Accordingly, we can neglect this phase and factor out the rotational gauge freedom at each node in our
geometric considerations. Up to rotations, the boundary data span a 35-dimensional space. The closed
twisted geometries are a 20-dimensional subset, 10 areas and 2 ⇥ 5 = 10 shape parameters, the vector
geometries a 15-dimensional subset, 10 areas and 5 angles [10], and the Regge geometries a 10-dimensional
subset, 10 lengths or 10 areas (up to some discrete ambiguity in the Euclidean case).

Thanks to properties of the coherent states, integrands like (1) can be written in exponential form with
a linear dependence on the spins [18]. In particular, under a homogeneous rescaling jab 7! �jab we can
write the integrand as exp�S(ga; jab,~nab). This gives the possibility of evaluating the amplitude with a
saddle point approximation in the homogeneous large spin limit, � 7! 1. This approximation was studied
in [5],4 and it was found that the leading order asymptotics of the coherent amplitude (1) has the following

3
As for full Lorentz invariance, this is broken by the Y -map identifying k = j. Nonetheless, it can be shown that the vertex

amplitude transforms covariantly under Lorentz transformations of the boundary data, and when various vertex amplitudes are

glued together to form an extended spin foam, Lorentz invariance is restored in the bulk [30].
4
The definition of the coherent vertex amplitude used here di↵ers from the one in [5] by an overall phase, given for � > 0 by
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(2jab(⇡ + �ab) + arctan �)}.

This is due to a phase di↵erence between the Wigner matrices and the anti-linear pairing of two unitary representations, as

well as to our use of the antipodal map instead of the complex structure in associating coherent states to the target nodes. See

Appendix A for details.
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procedure relies less on the bivector reconstruction theorem used in [4], and keeps the construction closer
in spirit to the area-angle Regge calculus of [23]. This allows us to keep certain geometric aspects of the
saddle point analysis more manifest, and to highlight the explicit imposition of shape-matching conditions
for configurations with two distinct saddles. We also push the analysis a bit further, and explicitly evaluate
the Hessian at the saddle point, which was left only formally defined in [4]. In particular, we determine its
phase and found that the interference of the two saddle points gives precisely a cosine.
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Figure 1: Classification of the boundary data. It is interesting to compare the situation with SU(2) BF theory
[16, 10] and with the Euclidean EPRL model [29, 2, 12]. All three models have the same boundary states and thus
some boundary data (jab,~nab) in the coherent amplitudes. What changes are the group elements being integrated over
(which belong to SL(2,C), SU(2) and SO(4) respectively) and therefore the existence of critical points for a given set.
For instance, Lorentzian Regge data only admit critical points for the SL(2,C) model.

How these conditions allow the embedding of the boundary data in a flat Euclidean or Lorentzian 4-
simplex will be explained in details below. It is in the meantime useful to remark that the areas alone
su�ce to characterize a 4-simplex and distinguish whether it is Euclidean or Lorentzian. Data with areas
compatible with a Euclidean 4-simplex can be either a vector geometry or a Euclidean Regge geometry
depending on the compatibility or not of the normals with the Euclidean 4-simplex. This requirement can
be expressed in terms of the shape matching conditions reducing a twisted geometry to a Regge geometry
[26, 10].

The coherent amplitude (1) is a complex number, and it is important to make a remark about its
phase before continuing. The original formulation of the model [1] uses the standard basis of orthonormal
intertwiners, which are labeled by a spin number ia per vertex, instead of the coherent intertwiners, labeled
by unit vectors ~nab. The resulting vertex amplitude Av(jab, ia) is a real number, provided a certain phase
convention for the Lorentz irreps matrices is chosen [8]. The interest in using the complex coherent amplitude
(1) comes from the finer characterization of the boundary data and clearer geometric interpretation that it
permits. However, while the original amplitude is SU(2)-invariant, (1) is only SU(2) covariant: a rotation
of the four normals on a node preserves the amplitude only up to a phase.3 This phase is irrelevant for
geometric considerations because the coherent states themselves are only defined up to a phase, thus for any
chosen boundary configuration, one can suitably tune the coherent state phase to have a real amplitude.
Accordingly, we can neglect this phase and factor out the rotational gauge freedom at each node in our
geometric considerations. Up to rotations, the boundary data span a 35-dimensional space. The closed
twisted geometries are a 20-dimensional subset, 10 areas and 2 ⇥ 5 = 10 shape parameters, the vector
geometries a 15-dimensional subset, 10 areas and 5 angles [10], and the Regge geometries a 10-dimensional
subset, 10 lengths or 10 areas (up to some discrete ambiguity in the Euclidean case).

Thanks to properties of the coherent states, integrands like (1) can be written in exponential form with
a linear dependence on the spins [18]. In particular, under a homogeneous rescaling jab 7! �jab we can
write the integrand as exp�S(ga; jab,~nab). This gives the possibility of evaluating the amplitude with a
saddle point approximation in the homogeneous large spin limit, � 7! 1. This approximation was studied
in [5],4 and it was found that the leading order asymptotics of the coherent amplitude (1) has the following

3
As for full Lorentz invariance, this is broken by the Y -map identifying k = j. Nonetheless, it can be shown that the vertex

amplitude transforms covariantly under Lorentz transformations of the boundary data, and when various vertex amplitudes are

glued together to form an extended spin foam, Lorentz invariance is restored in the bulk [30].
4
The definition of the coherent vertex amplitude used here di↵ers from the one in [5] by an overall phase, given for � > 0 by

exp{i
X

a<b

(2jab(⇡ + �ab) + arctan �)}.

This is due to a phase di↵erence between the Wigner matrices and the anti-linear pairing of two unitary representations, as

well as to our use of the antipodal map instead of the complex structure in associating coherent states to the target nodes. See

Appendix A for details.

5

D(1)(ha)~nab = �D(1)(hb)~nba
<latexit sha1_base64="vJqrT2MHb9pQ6q1SmypZOxP//s4="> </latexit>

As	before,	we	revisite	the	analysis	starting	from	data		
																									with	normals	pairwise-opposite	
and	second	solution	from	spherical	cosine	laws		
with	angle-matching	conditions	satisfied

~nab = �~nba
<latexit sha1_base64="ApgDMzHZ5l6lHj+WShqkZ2QiZvg="></latexit>

Figure 8: Left panel: the ‘spike’, an Euclidean 4-simplex shown in R3 by means of rotating four tetrahedra in the

same 3d space of a reference tetrahedron, here the central one (the four outmost vertices would be identified in R4).

The associated normals are shown in the bottom left picture, equal colour for those belonging to the same tetrahedron.

Right panel: the ‘twisted spike’, a rotation in the plane of each shared triangle by an equal amount to the dihedral

angle makes the triangle normals all opposite to one another.

we can define a set of 20 simple bivectors as follows,

Bab = jab ?
Na ^Nb

kNa ^Nbk
, B2

ab
= j2

ab
,

or in components BIJ

ab
= (jab/2 sin ✓ab)✏IJKL

NK
a
NL

b
. Since we derived them from a geometric 4-simplex,

they also satisfy cross-simplicity ✏IJKLBIJ

ab
BKL

ac
and non-degeneracy, as well as the orientation and closure

conditions
Bab = �Bba,

X

b 6=a

Bab = 0 8a. (51)

These conditions guarantee that the self-dual and anti-self-dual components of the bivectors coincide up to
an SO(3) rotation. We can thus write

Bab = jab(~nab, Ra~nab), (52)

for some unit vectors ~nab and SO(3) rotations Ra. Then (51) immediately imply the closure and orientation
equations (22) for either self-dual or anti-self-dual parts, so the geometric 4-simplex defines a saddle point.

Using bivectors, we can also get the mapping between the twist angle and the 4d dihedral angle as defined
by the scalar product of 4-normals, without passing for the spherical cosine law. To that end, let us choose
a 4d normal, N1, to define a unique self-dual projector for all bivectors: N1IP IJ

KL
:= N1I(�IJKL

+ 1

2
✏IJKL)/2.

Then, taking the 3d normal as the self-dual parts of the bivectors,

jabn
J

ab
:= N1IP

IJ

KL
BKL

ab
= jab

1

4 sin ✓ab
N1I

✓
�IJ
KL

+
1

2
✏IJKL

◆
NK

a
NL

b

?N1�! jab~nab. (53)

Using ✏ijk = N I
1
✏Iijk we can lift (49) to a covariant formula, and after some lengthy but straightforward

algebra, we get
(~n1b ⇥ ~n1a) · (~na1 ⇥ ~nab)

k~n1b ⇥ ~n1ak k~na1 ⇥ ~nabk
(53)

⌘ N1 ·Na. (54)

This proves that (51) implies that (i) the twist angle is the same for every edge of the chosen triangle,
and (ii), it coincides with the 4d dihedral angle. The exactly same formula can be derived choosing the
anti-self-dual projection, and using the expression (50),

cos ⇠(b)
1a

= N1 ·Na. (55)
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No	twisted	spike	data;	
simplest	choice	are	the	spike	data	
(always	accessible	-	WIP)

Using	a	complex	version	of	Rodrigues'	formula,	find	sols		
with					given	in	function	of	the	3d	normals’	angles					via	Lorentzian	spherical	cosine	laws	up	to	a	sign	
g	always	0	or	2	solutions

'
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ha = exp{2i✓E
a1(')~na1 · ~J}

<latexit sha1_base64="x+Sdb0xdNWXKdhZ4WXg7Nm7wosY="></latexit>

2 SU(2)
<latexit sha1_base64="L26I13IlGTDES3z/MeALFc9O6HI="></latexit>

SL(2,C)
<latexit sha1_base64="gd4CvAYo3T43pzcnQHJwZj00BS4="></latexit>

ha = exp{(±✓L
a1(') + i⇡)~na1 · ~J}

<latexit sha1_base64="usCukikq052V9cA5zsWZ2NMmDeg="></latexit>



EPRL	general	vertex	asymptotics
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The	procedure	spike-data+Rodrigues	and	spherical	cosine	laws	can	be	extended	to	general	vertices	
Again,	we	focus	on	graphs	dual	to	boundaries	of	polytopes	
(Limited	additional	technical	difficulties	wrt	SU(2)	case		
include	use	of	spinors,	infinite-dim	irreps	
and	time-reversal	maps	to	make	4-normals	all	outgoing)	
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•Leading	order	of	asymptotic	formula	scales	with	the	number	of	nodes,	
				and	the	4d	dihedral	angles	are	defined	through	the	spherical	cosine	laws

•Characterization	of	boundary	data	and	corresponding	#	of	critical	points	like	in	SU(2)	BF	
plus	the	novelty	of	Lorentzian	data

Lor.	angle-matched

Lor.	3d	Regge

Generic	data	(twisted	geometries)

Lor.	flat	polytopes

Vector	geometries
Eucl.	angle-matched

Eucl.	3d	Regge

Eucl.	flat	polytopes� 2
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exact	phase	
and	Hessian		

also	computed



Implications

Open	question	is	the	physics	of	this	more	general	dynamics,	or	whether	one	should	modify	the	
KKL	model	to	have	critical	behaviour	for	Regge	data	alone	
You	may	argue	that	the	critical	behaviour	of	non-Regge	data	is	due	to	lack	of	`volume	simplicity	
constraints’:	absent	in	the	EPRL/KKL	construction,	the	bivector	reconstruction	theorem	proves	that	
these	are	not	needed	but	works	only	for	a	4-simplex	
(Bahr,	Belov	are	exploring	ideas	along	these	lines)	
However	we	have	seen	that	the	situation	is	similar	between	SU(2)	BF	and	KKL	
So	any	such	modification	would	probably	modify	the	4-simplex	amplitude	as	well	
Which	could	be	good:	maybe	remove	vector	geometries	from	critical	behaviour…	
(see	also	Engle,	Zipfel,	Han,	…)

•The	asymptotic	analysis	of	the	4-simplex	vertex	can	be	generalized	to	any	vertex	graph	
•For	vertex	graphs	dual	to	the	boundary	of	polytopes,	one	gets	an	interesting	classification		
of	critical	points	in	terms	of	the	geometry	of	boundary	data	

•In	general	critical	behaviour	also	for	non-Regge	data:	conformal	twisted	geometries	
•Action	at	the	critical	point	well-defined	and	Regge-looking,	but	inequivalent	
•Regge	data	and	flat	polytopes	are	subsets	of	the	set	of	critical	points	



IV. Numerical tests for the 4-simplex amplitudes



SU(2)	4-simplex	asymptotic	formula

symbol, which we recall is the the vertex amplitude for SU(2) BF theory:

AEPRLs
v (jab,~nab) '

1

�6

 
5Y

a=2

b(�, jab)

!
ASU(2)

v (jab,~nab), ASU(2)
v (jab,~nab) :=

X

ia

{15j}
5Y

a=1

cia(~nab). (46)

This approximation shows that the simplified model has the same critical points of SU(2) BF theory, and
��6 times its scaling. The SU(2) coherent vertex amplitude has no critical behaviour for Lorentzian Regge
data and thus decays exponentially; whereas for Euclidean Regge data it admits two distinct critical points
and oscillations with exactly the same frequency (35) of the EPRL model [16],

ASU(2)
v (jab,~nab) =

1

�6

1

26⇡2

ei� c

| detHSU(2)
c |1/2

cos
⇣
�SR � 1

2
argHSU(2)

c

⌘
+O(��7). (47)

Here HSU(2)
c is the Hessian determinant at the critical point, and  c a global phase determined by the action

at the critical point, which is purely imaginary, and which depends in turn on the gauge choice and the
phase of the coherent states exactly as for the EPRL model.

From this analysis we understand why the simplified model has no critical behaviour for Lorentzian Regge
data, and the same critical behaviour of SU(2) BF for vector and Euclidean Regge data. In particular for
Euclidean Regge data, inserting (47) in (46) we find that the simplified model has the same ��12 power-law
decay and the same �-independent frequency of oscillations SR of the full EPRL model. This explains why
the simplified model captures the right scaling and frequency of oscillations of the EPRL asymptotics (34),
as was shown in Fig. 14.

It also explains why it does not capture the right cosine phase o↵set: the simplified sees the SU(2) phase
o↵set � 1

2 argH
SU(2)
c = �0.324 for the equilateral configuration, which is absent in the asymptotic formula

for the EPRL model, since the Hessian is in that case real. Consider then a modified asymptotic formula

As
v(Euclidean data) =

5.13⇥ 10�7

�12
cos
⇣
5� arccos

�
� 1

4

�
� 0.324

⌘
, (48)

where we added by hand the o↵set of the SU(2) BF amplitude. This formula correctly matches the cosine
phase o↵set of the simplified model, see Fig. 17. As a consequence, the internal sums pile up to the SU(2)
Hessian to give the right magnitude of the EPRL amplitude, but also contribute to the phase o↵set of the
cosine, creating an interference pattern that changes (47) to (34).

Figure 17: Left panel: Comparison of the simplified model with the EPRL asymptotics and the modified asymptotics
with the SU(2) o↵set (48). The improved agreement shows that the right asymptotics of the simplified model is to
first approximation the same of SU(2) BF theory, and implies that the role of the internal sums in this case is to
contribute to the re-phasing of the o↵set to match the EPRL asymptotics – as well as contributing to the magnitude.
Right panel: Evauation of the SU(2) BF asymptotics for an equilateral Euclidean 4-simplex, and comparison with
the analytic formula (47) (It updates the plot of [10] which stopped at � = 50 – or � = 25 in that notation). It shows
how while the frequency is captured early on, the magnitude requires higher spins. At � = 79 the data for the {6j}
required weighted 230 gigabytes and saturated our server’s capacity.

We take this opportunity to provide in the same Figure an updated plot of the SU(2) BF asymptotics
with respect to the one presented in [10]. It allows us to highlight that the frequency of the asymptotic
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EPRL	4-simplex	asymptotic	formula,	Euclidean	data
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Figure 14: Rescaled numerical data versus the analytic asymptotics (38), for Euclidean Regge data and � = 1.2, for
the simplified model and internal summations with cut-o↵s � =1 and 2. The simplified model alone already sees the
Regge oscillations of the analytic formula. The two shelled sums maintain the same frequency, but give contributions
of order one to the magnitude and the phase o↵set.

More in details, we observe the following situation. First, the simplified model captures already the right
frequency of oscillations. What is missing is the precise magnitude and cosine phase o↵set. The first and
second shells have the same frequency of oscillations, and di↵erent magnitude and cosine phase o↵set, which
lead to a better qualitative match with the asymptotic formula. A more precise quantitative improvement
will likely require pushing to higher spins where the asymptotic formula becomes more accurate. As for the
crude numerical values, we see that at � ⇠ 20 (which means spins j ⇠ 10, recall half-integers are also being
computed here) the simplified model and shelled sums agree with one another and with the analytic formula
with a 10% error.

From these data we deduce that individual l’s see the same critical behaviour for Euclidean Regge data,
including the simplified model, and that the asymptotic formula (34) is the result of summing all the relevant
contributions. However the power-law and frequency of oscillations are well described by the simplified model,
with the internal sums only contributing to the overall magnitude and phase o↵set. Given the much faster
evaluation times of the simplified model, this is an interesting property, whose origin will be explained in
the next Section.

The data presented in the figures of this Section have � = 1.2. For double checking, we performed further
numerical investigations with the di↵erent value � = 0.1, leading to similar plots. In particular, we found
the same frequency of oscillations, as predicted by (34).

We conclude from the numerics that the power-law and frequency of the asymptotic formula can be
confirmed already at spins of order 10, to a 10% error. A better match requires changes in the amplitude
and the phase o↵set, for which one needs more shells and/or higher spins.

5.4 Lorentzian Regge geometry

For Lorentzian Regge data, we have two distinct critical points, and the oscillating power-law decay [5]

Av =
(�1)�+M

�12
ei��c

�
Nce

i�Sc +NPce
�i�Sc

�
+O(��13). (39)
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Figure 16: Rescaled numerical data versus the analytic asymptotics (39), for Lorentzian Regge data and � = 7

and 8. These values are chosen so that the analytic formula has a visible oscillation within the range numerically
accessible. The faster frequency of the � = 8 case can be inferred comparing the eyesight interpolation of the positive
slope through the x axis. The data points for the first shell are well in line with the analytic power-law, and show a
non-monotonic behaviour qualitatively comparable with the predicted oscillations. Higher spins are needed for a better
match, as well as increasing the number of shells being summed over.

In summary, the simplified model does not see the critical behaviour for Lorentzian Regge data, but
the first shell already does, and presumably all other shells. The power-law decay observed confirms the
asymptotic formula. There is a �-dependent non-monotonic behaviour, qualitatively compatible with the
oscillations predicted by the asymptotic formula. The convergence of the internal sums is slower than with
Euclidean Regge data, and higher shells/higher spins are needed for a more quantitative confirmation of the
asymptotic formula.

6 Outlook

6.1 Geometric meaning of the internal sums

The formula (6) and more in general the method of [8], introduce a factorization of Lorentzian spin foam
amplitudes so that only SU(2) objects appear at the vertices, and all Lorentzian properties are in the booster
functions localized at the edges. Since the vertices are dual to 4d structures and the edges to 3d structures,
this raises the question of how the 4d Lorentzian structures are reconstructed by the internal sums. A second
question concerns the simplified model, which we have shown to capture the EPRL asymptotics for vector
and Euclidean Regge geometries. Since the simplified model has the advantage of much faster evaluation
times, it is useful to understand why this is the case. These two questions are closely related, and can be
answered inspecting in more details the role of the sums over the internal spins lab.

Let us look again at the decomposition (6), and consider the simplified model, for which the internal
sums are removed.18 The vertex amplitude reduces to the {15j} symbol evaluated at the boundary spins,
and the booster functions at their minimal configurations:

AEPRLs
v (jab, ~nab) =

X

ka,ia

{15j}
5Y

a=2

dkaB
�
4 (jab, jab; ia, ka)

5Y

a=1

cia(~nab). (44)

The internal intertwiners are still being summed over, but in the large spin limit the booster functions are
Gaussians peaked on equal intertwiners, and to lowest order [45, 8, 11]

B�
4 (jab, jab; ia, ka) '

b(�, jab)

�3/2 dia
�iaka . (45)

The simplified vertex amplitude (44) is thus in first approximation proportional to a single coherent {15j}
18
This is achieved through a further imposition of the Y map inside the product h�1

a hb in (6), see [8] for details and

motivations.
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Power	law	and	γ-dependence	of	frequency	confirmed;	better	matching	requires	more	numerical	
power!	Or	better	methods…
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Conclusions

•’07/08	EPR,	FK,	LS,	EPRL	4-simplex	vertex	amplitude	

•’09	4-simplex	asymptotics	(Barrett)	

•’10	KKL,	RY	generalized	vertex	

																							’15/16	Bahr,	Steinhaus	first	evidence	of	non-Regge	cosines	

																							’18	Donà-Fanizza-Sarno-SiS	SU(2)	analysis	

•’19	Donà-SiS	Asymptotics	of	Lorentzian	generalized	vertex	(to	appear)	

We	know	have	a	pretty	complete	idea	of	the	asymptotics	of	the	Lorentzian	KKL	model	for	non-
simplicial	vertices:	the	fundamental	and	simple	observation	is	to	go	beyond	bi-vectors,		
and	put	to	the	forefront	the	role	of	spherical	cosine	laws		
and	the	fact	that	the	quantity																																			is	well-defined		
for	all	distinct	critical	points,	regardless	of	whether	they	describe	Regge	geometries	or	not
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Vertex	definitions	and	asymptotic	formulas:
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Conclusions

Happy	birthday	Jurek!

Beijing	‘09


