The Real Quantum Gravity

1. A Toy Model

The role of ‘free’ and ‘pseudofree’ models

2. An Ultralocal Model

A model with no spatial continuity

CQ leads to
FREE models
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NR: A Toy Model

Agy = JOT{%[Y(t)z — y(0)*] — goy(®)™*} dt
g(A(?o:O) 7 Q(Ago>0) f#pf ©

Classical to Quantum

<y//, T‘ y,a())f — Z hn(y//)hn(y/)e—i(n+1/2)T/h
n=0,1,2,3,---

<y//, T‘ y,90>pf -9 e(y//y/) Z hn(y//)hn(yl)e—i(n+1/2)T/h
n=1,3,5,7,--
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Affine Quantization-1

affine classical position and dilation variables

.y =1, qlq,p} =q. 19.qp} = {,d} gs0

affine quantum position and dilation variables

[0, P] = ihl, QIQ,P]=ihQ, [Q,QP] = ihQ
= (0. (QP + PQ) + (QP - PQ)1/2 = ihQ
- 10, (@F + PR)2I =

the Lie algebra for the affine group
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Affine Quantization-2

action for Schrodinger’s equation

Ag = [{w(®)|[in(a/0t) — F (P, Q)] |w(t)) dt
Ap = [(w(®)|[in(a/0t) — F'(D, Q)] |y (D)) dt

canonical coherent states affine coherent states

‘p, q> — e—iqP/hein/h |a)> ‘p, q> — ein/he—iln(q)D/h ‘b)

action for enhanced classical equations

Ac = [{p®), g0 |[iA(a/ o) — F (P, D] | p(1), q(1)) dt
= [{p(Hg@®) — H(p(1), q(1))} dt A-= [{p®),q()|[iAl0r) — F'(D, D1 p(1), q(1)) dt
= [{=qp) — H'(p(), q(1))} dt.

Both operator pairs lead to similar classical stories, and with hbar > 0.



Favored Coordinates-1

Dirac: “Cartesian coordinates should lead to H(p,q)—>H(P,Q)”

canonical quantization

H(p9Q)=<p9Q|%(P9Q)|p9Q> ) (wQ + iP)|w) =0 O
- =@ P+p.0+glw)=X(p.q)+ O p.q)

20l dp.g)I” = 1{p.q1dp.q)|’] = 0™ 'dp* + 0 dg* ©

affine quantization

H'(pq,q) = (p,q| Z'(D,0)|p,q) , 1(0-1)+iDib]|b) =0

—2/b

T = (b| (D + pgQ,qQ) | b = H'(pg, q) + O'(h; p, q)

20ldp,q) > — |{p.q|dp.q) "] = b~'qdp* + bg~?dg*  ©



NR: Ultralocal Model-1

H(z, @) = [{2[2(x) + mep(x)] + gup(0)*} dx, s > 1
F£pf

k(x) = z(x)p(x), @x) S0

(9.} = 5 —x) (), px) S O

H'(k, @) = [{2[K)p(0)k(x) + mGp)*] + gop(x)*} d'

Classical to Quantum

[p(x0), kXN = iho°(x —=x) p(x), ¢SO0  © @

P(x) = fB(x, NAB(x, A) dA, B(x,) = A(x, ) + c(DI, A(x,2)]0)=0
k(x) = — ih= [ B(x, ))"[A(0/02) + (0/0A)A1B(x, 2) di
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NR: Ultralocal Model-2

GO = () 5 &) = = ih(1/2)[p(x) (3/5p(x)) + (6/5p()) p(x)]

ih 0¥ (@, )10t = | [ {(172)[R()p(x)*R(x) + mp(x)°] + gop(x)*} dx | P(g, 1)

RO @) 12 =0, Y@ =e "I, |px) ™" forma

regularization

o) > g =pka), a>0,ke{0,£1,£2,+3,...}

— —(1=-2ba*)/2
‘Pr(ﬁﬂ) = ¢ V®) Hk(bas)l/2 | (Pk‘ ( “) regularized

J1¥ @) I Tydgp = 1



NR: Ultralocal Model-3

P (p) = e W (ba") 2| gy | 120

characteristic functional

C(f) = lim Iy [eM (pg%) ¢=2W00 | g | =120 gy

a—()

C(f) — llII(l) ij{l . (baS)I[l . eifkgok/h] e—ZW,,(qok) ‘Cﬂk ‘—(I—ZbaS) d¢k }

C(f) = exp{—b [d% [[1 — e/ ¢=2*D 43/| 4|} Poisson ©

pseudofree model: equal-spacing spectrum, NO zero-point energy



NR: Covariant Model-1

s>4 f#pf
H(z, ) = [{(172)[7(x)* + (V@)(x)* + msp(x)*] + gop(x)*} d'

affine variables

k(x) = 7(x)p(x), @) S0
H'(k, p) = [{(1/2)[x(x)p(x)"*k(x) + (V@)(x)* + mgp(x)°] + gop(x)*} d'c

P = k) . RW) = = K(1D[p0) (31p(x) + (6/59(0) ()]

Schrodinger‘s equation
ih W (¢, 010t = [ [{(1/2)[RX)p(x)7R(x) + (V)(x)* + mgpx)*] + gop(x)*} dx | (g, 1)




NR: Covariant Model-2

RO @)™ =0, ¥(p)=e DT, |px)|"*  formal

=2
a DIFFERENT regularization i

y 3 X

px) = o =@pka), a>0,ke{0,x1,x2, £3,...}° 7

Jea = 1/(1 +25) , 1 =k and 2s nearest spatial neighbors to k; otherwise, Ji ; =0

lPr(CD) — € ~Y{9) Hk[zlfk,l ¢12]—(1—2ba5)/4 regularized (o)

2
I= “\P”(qﬂ)‘ de Pk = Pllx » R =2ba’N’ ‘divergence free’
— Ie—ZYr(pn) 5(1 — Zynd) L [Z, i 2]~ 1=26a02 g 1 pR=1 dp ° @

There are indications that affine quantization of (p4 models is non-trivial (&) (&)
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NR: Quantum Gravity-1

gp®)dxdx" >0 , g, xg*W) =6, , WM =mx),  gx) = det[g,,(x)] >0

H(r,g) = [{g™"lafnl — (1/2)xx)] + g"* OR} d

[#pf
[29(x), 25(x)] = iR(1/2) 53(x, x') [8°A5(x) — 55A%(X)]
[805(0), ZY(X)] = i1(1/2) 8 (x, X') [858,(xX) + 558 ,4(x)]
[gab(x)a gcd(x )] =0 ’ {§aﬁb(x)} >O O ©

g ) = | B, 1)raBx, n)dy (v} >0, dy =TI, dy,
750 = — ih(1/2) [, {B(x, )" [7,(0/074c) + (0107, )1pc | B(x, v) }dy
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NR: Quantum Gravity-2

g.p(X) = g,p(X)
7 (x) = — ih(1/2)[g,(x)(6/08,.(x)) + (6/08,.(x))&p(X)]

Schrodinger‘s equation

ih 0P({g}, /0t = | [ [#5(x)g(x)~75x)— > 24(x)g(x) 7% (x)
+8(0) 2GR d¥] (g}

A —172 _
ﬂb(.X) g(x) =0 ‘P({g}) — Y({g})Hx g(x)—l/Z formal

¥, (1g}) = Y,({g DI [/ g]"174)2  reguiarized

© Y SMOOTH METRICS & CONSTRAINTS © Y

(#0200 -5 7D0] + 80 OR) J@((h =0, {g(-)} € C?




NR: Quantum Gravity-3

affine gravity coherent states

n(x) = {1,(x)}

=TT Ral) e OB gy 1=

| 7, 17) |7, 8) ]

() o) = (€77 (P18l 1) [T, = 8u)

(mn | 70 | 7 ) = 70 gD = 70 @ @

(', g"| gy = exp{—z [ Bx) d'x :

de {%[g//ab(x) + gldb(x)] + i%ﬂ(x)—l[ﬂuab(x) . ﬂ_/ab(x)]} } }
det[g”ab(X)] 1/2 det[g’“b(x)] 1/2

X ln{

ultralocal : NO constraints imposed
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Favored Coordinates-2

enhanced classical Hamiltonian density

H'(m)(x), 8.4(x0)) = (7, g | () (X), &.a(X)) | 7, &)

= (B H(29(x) + 2900 en(x)/2]]¢Aef(x)[eﬂ(x)/Z]]; ’ [e”(X)/z]ﬁgef(x)[e”(x)/z]]; )| )

(B11™1e8, ()™ Y | B) = ["PIAB| &,1x) | )™V = g q(x)

= (X)), o)) + O'(; 7, 8)
=X (m,(x),8.4X)+ O(N;m,8) o @

these are favored affine gravity coordinates

14



Favored Coordinates-3

|p.q) = e PO | o) (@Q +iP)|w) = 0

20[1d|p. @) 1> = | {p.q| d p,q)|”] = 0~ 'dp? + w dg?

|1 p, q) = eP et N@DIR | By [(Q—1)+iD/b]|b) =0
20l d|p. @) I” = |{p,q| dp,q) "1 = b~ q%dp* + bg~2dq>
17, g) = M J 70 8 () dx =iim [ () 25(x) dx 8)
Callld|z g)|I* = |{m g|dnrg)|"]
= [[(B)R) g,p8.0 dndr™ + (B(x)T) g*° g dg,.dg,,] dx

Fubini-Study metrics



NR: Quantum Gravity-4

|7, g) = M ) 8oy A (~im [ (x) 25(x) dx | py

det{=[g(x) + g’ ()] + io- fX) ' [2(x) — 7’ ()]}
det[g®(x)] 12 det[g"*"(x)]"2

(m,g|n',g") = exp{ —Zfﬂ(x) ln{ } dx }

complex polarization

%) %)
CL) (8 19) = | = g0 s 8 + 08,0 = — | (g ¥ = 0

ICS(x)TCr(x),B(x)d3 ,  lim /Ve”TAé{n ﬂ}5{g g}—(ﬂglﬂ,g)

U= 00 pruememsmummenmese

1
2

an analog to Wiener measure
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NR: Quantum Gravity-5

1 = n.ab( - T) ’ g// — gab( . T) , 1 = ]tab(-,()) , g/ — gab(.’o) : T > (0

kinematic and physical functional integrals

(", g"|n',g"y = lim N Jexp[ — (z/h)fgab 7% dx dt]

V—C0

x exp{ — (1/2vh) [ [(BOON) ' 8 p8eat™ 7 + (B(X)N) "8 8,81 d’x dt}

X I, IT, o) drn®(x, 1) dg,,(x, 1) D

projection operator IE enforces the constraints

(7", ¢"|E |7, g’y = lim /V',,[exp{ — (i/h) [ g, #° + N°H, + NH]d* dr)

UV—>00

x exp{ — (1/2vh) [ [(B)R) ™' g, 80t 7% + (P(X)N) g7 8,,.8%] d'x dit}

X [TL, I}, dnP(x, 1) dg (%, 1) ] DR{N, N} w ©

first and second class constraints




Comparison List

The Canonical Story

{gab(x) } > O

complex variables
part Euclidean

discrete metric
(E%(x) ,A ()} = — i615] 8%(x, y)
E(x) = — i 8184, (x)

FAVORED CANONICAL
VARIABLES ???

NON-Cartesian
coordinates vyield a
FALSE quantum theory
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The Affine Story

{gab(x) } > 0

real variables

all Lorentzian

continuous metric* C.R. lives

[#9(x), 25()] = iA(1/2) §7(x, y) [8575(x) — S5 7%x)]
[80p(0)s 2] = i1(1/2) 5(x, ¥) [658 (%) + 5L 81g(¥)]
[gab(x)a gcd(y)] =0

FAVORED AFFINE &)
VARIABLES !!!

proper affine
coordinates yield a &)
VALID quantum theory



Today’s Message

1. Nonrenormalizable models are NOT continuously
connected to their own free model.

2. If Q&P then Q&D, where D=(PQ+QP)/2. Note
that [Q,P]=i hbar, and then [Q,D]=i hbar Q,
which is the Lie algebra of the affine group.

3. The favored pair q&p to promote are “Cartesian
coordinates” which make a flat plane. The favored pair
q&pq to promote have an affine form on a
Lobachevsky plane of constant negative curvature.

4. Canonical quantization of nonrenormalizable models
fails, but affine quantization is successful.

RV RIS

5. Affine quantization of gravity offers self-adjoint
momentric and metric fields that respect positivit




THANK
YOU

arXiv:1811.09582
arXiv:1903.11211 <——
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Favored Coordinates-4

(52,81 =1ihs) . S2+S7+82=n*s(s+ Dy , s € (1/2){1,2,3,+)

Syls,m)y =mh|s,m) , m € {—s,---,s—1,s} , (§;+1iS,)]|s,s) =0

spin coherent states

‘6’, ¢> — e—igoS3/he—i952/h ‘ s, S>
1P, q) = o —i(a/(sh)"*)S3/h ,—icos™ (pl(sh)!"))S,/h s, )

—JZ'(Sh)l/z <q < ﬂ(Sh)llz - (Sh)I/Z SP < (Sh)l/Z

do* =20 d 6, p)||” = | (0, 0| d6,p)|°]
= (sh)[dO? + sin?*(0)* dp?]
= (1 —p*/sh)”dp* + (1 — p*/sh) dg”




False Quantum Theories

classical harmonic oscillator

\g.py =1, H{gp}=1
Hpp,q)=(1/12)[p*+q¢*1 , eg, p=plg*, q=qg/3
H(p,q) = H(p,q) = (1/2)[p*/g"* + g°/9]

quantum harmonic oscillator
H(P,Q) = (1/2)[P* + Q°] T
¥ P,0)=1/)[PO~ P+ 091 X
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Basic Path Integrals

a canonical quantization

|p,q) = ey = 1), #(P,0Q) =M[h(p,q) |p.q){p.q| dpdq

(r".q"lp.q)=lim A,

V—>0

o) [{pg=h(p.q} dt ,—(1120) [ {p*+47} di p D

an affine quantization

|p, q) = ePYhe~ DR | p = 1) | 7D, Q) =M’Jh’(p,q) |p.q){p.q| dpdq

r".q"|p',q") = lim N7,

V—>0

M) [ {pg—h'(p.g}dt ,~(1120) [ {q**+q7*¢*} di » Dq
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Freedman, et al, 1982

d=3 d=4

50 100
N =3
80' N - 4
40+ N =3
- 60t N =206
ga(0) gxl0)

20 40} N =10
10 20
0 1 1 1 1 0 . L | 1 1
O. 0.2 0.4 0.6 0.8 1. Q- 0.2 0.4 0.6 0.8 1.

go/150+qp) 9o/ (50+qg)

Fig. 3.. The zero-momentum coupling constant gp(0) as a Fig. 1. The zero-momentum renormalized coupling constant
fugcnon of the bare coupling constant ratio go/(50 + o) for gp(0) as a function of the bare coupling constant ratio go/
(¢7)3 on lattices of size N =3, 6 and 12. (50 + go) for (¢*)4 on lattices of sizes N = 3, 4, 6 and 10.
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g_R

Phi*4 4 With Counter Term

E=04 d=4

350
300 | \
250 |\
200 |

150

100 ¢

f{
i
||
| +
B}
5%
+1‘L
l
|
l
|
1.
|
|




NR: Quantum Gravity-6

regularized equation argument

smooth {gab ] » lattice spacing a

create related sets

8k = det(8,p1) &?b = nvert(g,, 1> &)

C,..= Chris(a, g, g™
g *Ry = scalar(a, g, C |, g™

C

pre-fixed required sets

ready to study the regularized Schrodinger equation
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Affine Quantization-3

a classical example

H(p,q)=p“+q* , ¢>0 @

an affine quantization

H =P +Q°, 0>0, DPHDDMP)  pad
H'=DO’D+0%, 0>0, DDH=DD) good!
[Q,D] =ihQ

O—-x, D—-—in(1/2)[x(d/dx)+ (d/dx)x] , x>0 @
—inh[x(d/dx) + (1/2)] , x>0 )



Affine Quantization-4

X' = — h?[x(dldx) + (1/2)] x2[x(d/dx) + (1/2)] + x?
= — h*(d*/dx?) + h*(3/4x%) + x° w

affine coherent states

‘p, q> — ein/he—iln(q)D/h ‘ b> . g > ()

[(Q - 1)+ @/b)D]|b) =0

@  «p.qlD, O, O"|p.q) =pq,. g, ¢"(1+0,(h)) ©
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Affine Quantization-5

enhanced classical Hamiltonian

Hp,q) ={p.q|DO*D+ Q*|p,q) © ©

= (b| (D + pqQ)(gQ)~*(D + pqQ) + (qQ)* | b)
=p? + q*(1 + O,(h)) + C(h)/q*> , C(h)={(b|DQ7*D|b) >0

classical limit

H(p,q) = }lin(l) H(p,q) =p*+q* ¢q>0
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Affine Quantization-6

“canonical quantization”

p>+q*> = PP + Q7
Wn(x)_n024 (X) x>0
—h(135 )

p*+q°—> Pip 4 Q2
l//n(x) — n=1, 3, 5,”,()6) x>0
En — h(z, 4 .6, )

" mixed eigonvalues
E,=n(l,3,4,6,8,9,:)




Cartesian-coordinates?

do* = Adp* + Bdg*
dp dq = [AB]"*dp dgq
doc? —Adp +A 1dq

dE“ dA’
do* = CAE** + C'dA>  ))°)



